Spin Hall eect in a two-dimensional electron gas with the Rashba spinorbit interaction is analyzed theoretically. We use the Keldysh technique for nonequilibrium processes, modied in order to take into account well-dened splitting of the Fermi surface due to strong spinorbit coupling.
Introduction
Spin Hall eect (SHE) is a phenomenon, in which an electric eld generates a spin current owing perpendicularly to the eld. The eect has been studied in various systems, but of particular interest are systems where spin current is not accompanied by a charge current. This can happen in nonmagnetic systems with strong spinorbit (SO) interaction. An external electric eld (current in a conducting case) generates then a pure spin current perpendicular to the eld. The importance of SHE is due to the fact that it generates pure spin current required for electrical manipulation of magnetic moments.
The SHE has been studied with various techniques, including the Kubo formalism for the o-diagonal conductivity [13] . This method allows to calculate the SHE in linear to electric eld approximation. As a diagrammatic method, it requires summation of many diagrams, especially in the cases of heavy doping, strong scattering from impurities, or rather smooth (not point-like) impurity potential. All of these problems can be eciently overcome by using the Keldysh formalism [4, 5] . However, the Keldysh technique in its original form leads to very cumbersome equations when applied to the SHE, which obviously contain excess information [6] .
Several mechanisms of the SHE have been proposed so far. One of them is the intrinsic SHE in a clean system. It was studied, e.g., in the model of two-dimensional (2D) electron gas with the Rashba SO interaction. In this model, the spin Hall conductivity σ H of a clean system is equal to a universal constant, but impurities with point--like scattering potential suppress σ H down to zero. This suppression is associated with the vertex correction to the loop diagram [79] , usually calculated in the ladder approximation [2] . The later is well justied for a simple one-band model in the limit of E F τ ≫ 1, while its validity in a general case of complex band structure is rather not clear.
In this paper we use the Keldysh formalism [4, 5] , modied to make it closer to the kinetic equation for the Wigner density matrix. It involves integrated Keldysh functions, similar to the semiclassical approximation [10] . Recently, some modications of this technique have been used to study SHE in 2D electron gas [1113] . Our approach is somewhat close, but essentially diers from them by the way how we determine the integrated Keldysh functions. Hence, our approach is a generalization to the case of well-dened splitting of the Fermi surface (strong SO coupling, weak impurity scattering), like in the case of magnetized electron gas. For 2D electron gas with SO interaction, the approach allows considering the regime of strong SO coupling. We found that impurities generally suppress the SHE, in agreement with results obtained earlier by other techniques. Whether the suppression is complete or not, depends on specic intraand inter-band relaxation rates. The latter, in turn, depend on the form of scattering potential.
Model and method
We consider 2D electron gas with the Rashba SO interaction. The latter is due to a substrate and has the lattice periodicity. Impurities, in turn, are treated as a small perturbation. Hamiltonian of the system is
where H 0 includes the kinetic energy and the Rashba interaction,
are the Pauli spin matrices, whereas α is the constant of the Rashba SO interaction, and we use the units with = 1. The energy spectrum of the system without impurities consists of two bands, E 1,2 (k) = ε k ± αk, where ε k = k 2 /2m. The formalism used to calculate SHE is based on nonequilibrium Green functions, which allow to nd kinetic equations for the spin-dependent distribution func-tions in the semiclassical approximation. We use the matrix Green functions introduced by Keldysh for nonequilibrium processes [4, 5] , which include the retarded, G R , advanced, G A , and o-diagonal (Keldysh), G K , functions. Each of the three Green functions (G R , G A , and G K ) is additionally a matrix in the spin space. We also assume that the impurity scattering is weak, so the Born approximation can be used.
In the semiclassical approximation, Green function calculation is based on the gradient expansion. Upon writing the equation of motion for the Green function, performing the Fourier transformation with respect to the time and space variables, and making use of the Mahan Hansch [1] substitution, one obtains the following equation for the o-diagonal (Keldysh) component of the Green function (valid for a homogeneous in space and time problem):
where E denotes the external electric eld, k is the 2D wave vector, and the self-energy Σ εk related to scattering from impurities has the form
with N imp denoting the impurity density, and v kk ′ being the matrix elements of the impurity potential. Equation (2) is the semiclassical kinetic equation for the Keldysh function for a 2D electron system with the Rashba SO interaction. It keeps this form also when we take into consideration scattering by phonons or any other relaxation processes included in the self energy part Σ εk .
Here we restrict our considerations to small deviations from equilibrium, G εk ≃ G 0 εk + δG εk . Assuming low impurity concentration, the equilibrium functions G 0R εk and G 0A εk can be written as
where δ 1 and δ 2 are small numbers describing decoherence of the states formed by the Rashba interaction. The equilibrium Keldysh function, G 0K εk , is then determined by the Fermi distribution function f (ε) as [4, 5] :
Neglecting any energy shift of electron bands by impurities, one may consider only imaginary part of the Green function,
where the unit vector n k has been introduced
and λ k = αk. Since we look for small deviations from equilibrium, we may write 
where Σ 0 εk is the equilibrium self-energy. We look for a solution of Eq. (9) in the form
with
(11) Let us note that Q k and R k are dened on the surfaces ε = E 1k and ε = E 2k , respectively, and depend only on the direction of the vector k. We assume now electric eld along the y axis, E = (0, E, 0). Furthermore, we simplify the problem by considering spin-independent scattering from impurities, i.e., we take v kk ′ proportional to the unit matrix in spin space. Taking all this into account we write Eq. (9) in an explicit form and then integrate it over ε. As a result one obtains eight coupled equations for the components ofQ k = (Q k0 , Q kx , Q ky , Q kz )
T and R k = (R k0 , R kx , R ky , R kz )
T . These equations can be solved taking all averages ⟨Q kµ ⟩ and ⟨R kµ ⟩ (µ = 0, x, y, z) over wavevector orientations as known functions. Thus, the set of equations for Q kµ can be written as
(12) Here, M 1k is a 4 × 4 matrix,
where 1/τ 1 = 1/τ 11 + 1/τ 12 , and the components A 1kµ (µ = 0, x, y, z) of A 1k are dened as:
and
for µ = x, y, z, wheref 1k ≡ 2f (E 1k
Similar equations can be written for the components R k ′ µ . Apart from this, in Eq. (13) we have introduced the inter-and intra-band relaxation times, τ ij for i, j = 1, 2, which are determined by the matrix elements of the scattering potential, |v kq | 2 , where k and q can belong to the same band or to dierent bands, and also by the density of states in the two bands, ν 1,2 = (m/2π)|1 ± mα 2 /λ k1,2 | −1 . Upon solving Eqs. (12) and averaging over direction of vector k (and k ′ ) we arrive at a system of 8 linear equations for the average components ⟨Q kµ ⟩ and ⟨R k ′ µ ⟩. Then, substituting the average values back to the equations for the unaveraged components ofQ k andR k one obtains a complete solution to the problem.
Spin Hall eect
Having the distribution function δG K εk , one can calculate the spin current owing along the axis x,
For simplicity we assume that there are no interband scattering transitions (1/τ 12 = 1/τ 21 = 0) and τ 11 = τ 22 = τ . The spin current can be then written in a simple form as
where
Performing now the integration over k in Eq. (17) one obtains j sz x = 0. This means that the SHE is completely suppressed by scattering from impurities, even when the impurity density and/or impurity scattering potential are small. This is in agreement with results obtained within dierent methods by Inoue et al. [8] and Dimitrova [14] for short-range impurity potential. However, such a complete suppression of SHE appears only for the assumed relation between the relaxation times. For example, when assuming other relations between the inter-and intra-band relaxation times, the suppression is not complete and some spin current survives, leading to a non-zero spin Hall conductivity. It is worth noting that even for defects with point-like (short-range) scattering potentials, the relaxation times are dierent due to dierent densities of states in the two bands for strong Rashba coupling. Moreover, the relaxation times depend on the impurity potential range, i.e. on |v kq | 2 . Assuming particular relaxation times one essentially restricts impurity potentials to some specic shapes.
Conclusion
We have analyzed 2D electron gas with the Rashba SO interaction and potential scattering from impurities. We used the Keldysh formalism, which has been modied to take into account two well separated Fermi surfaces. Our considerations were limited to small deviation from equilibrium and also to small density of impurities. The main result of our calculations is the suppression of SHE by scattering from impurities. In general, the SHE induced by the Rashba interaction is reduced by scattering on impurities, even in the limit of low impurity concentration. Perfect suppression appears only for some specic relations between inter-and intra-band relaxation times.
